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The emission by a free electron undergoing Coulomb interactions in the presence of a strong external mag­
netic field has been computed making use of the quantum-mechanical formalism especially designed for con­
tinuous radiation. The result holds for all frequencies except the ones at the cyclotron resonance proper. It is 
shown that the general results coincide with the known bremsstrahlung formula for frequencies much above 
the cyclotron resonance, and that it moreover goes into our previous results in the neighborhood of the 
resonance. 

1. INTRODUCTION 

IN two previous papers,1,2 henceforth called I and I I , 
the radiation emitted by free electrons undergoing 

Coulomb interactions in the presence of a magnetic field 
has been computed subject to the restriction that the 
frequencies observed were close to the cyclotron reso­
nance. The results were therefore interpreted as the 
contour of the cyclotron spectral line. 

In order to present a complete analysis of the radia­
tion from charged particles in a magnetic field, an 
extension of these results into the frequency domains at 
greater distance from the resonance is necessary. Al­
though it may be, possible with a great deal of care to 
extend the approach of Papers I and I I to spectral 
regions far from the resonance, it was decided to carry 
out the actual calculation with the aid of a somewhat 
different formalism. This formalism3 is the standard 
technique in the absence of resonance terms, and is 
conventionally used in the evaluation of bremsstrahlung 
emission. The major innovation of our calculation is the 
introduction of magnetic eigenfunctions instead of 
plane-wave functions in a manner analogous to the 
procedure of Papers I and II . The results consequently 
describe the over-all radiation spectrum satisfactorily, 
but fail to give accurate answers in the close neighbor­
hood of the resonance. I t will be shown in Sec. 4, how­
ever, that in the "wings" of the cyclotron resonance line, 
both methods yield essentially identical results, and 
that thus a combination of the two describes the 
spectrum completely within reasonable limits of ac­
curacy. 

The actual calculations were in many respects similar 
to the ones presented in detail in Papers I and II . Since, 
moreover, they do not contain basically new procedures, 
we felt that it would be permissible to leave some of the 
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details out of this article, in particular, those of a purely 
computational nature. 

The derivations are summarized in Sec. 2, and the 
general results stated in Sec. 3, including low- and high-
frequency limits that are of practical interest. In Sec. 4, 
finally, a comparison with our previous calculations in 
the neighborhood of the resonance frequency is carried 
out. 

2. COMPUTATION OF THE SPECTRUM 

In the following, a system is considered that consists 
of a free electron subject to magnetic field and Coulomb 
interactions, and a photon. The transition probability 
per unit time from an initial state i of this system to a 
final state / reads4 

w=(2*- /*) |K / t . | * P / , (1) 

where p / is the number of final states per unit energy 
interval. 

Let us specify the initial state of the system by the 
electron's magnetic quantum number n, which is the 
quantity corresponding to the electron's kinetic energy 
in directions perpendicular to the magnetic field, the 
momentum vector hi parallel to the magnetic field 
(which we assume to be along the z axis), and a quantum 
number s that reflects the electron's location relative to 
the fixed scattering center. Initially, no photon is 
present. The final state in this notation is specified by a 
magnetic quantum number n+m, a momentum vector 
k, a positional quantum number s+m+bi (<54=0, ± 1 ) , 
and the momentum fickv of the photon. 

We have to consider, in addition, two intermediate 
states 1 and 2, corresponding to the situation in which 
first the photon is emitted (state 1) with subsequent 
scattering, and the situation where first the scattering 
takes place (state 2), followed by the photon emission. 
The quantum numbers and wave numbers of state 1 of 
the system electron plus photon are thus (n+bh 

k\—ki~k„-£, s; kv), whereas for state 2 we have 
(n+m—5i,k2=kf+'kp'$, s+m+bi) Kv). 

4 Reference 3, Sec. 25, Eq. (10). 
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Physically, the introduction of these intermediate perpendicular to the magnetic field, 
states accounts for the fact that the Coulomb scattering, ^ __& * , » * * 
aside from the photon emission, results in a redistribu- x * * J 
tion of the kinetic energy of the electron among the + {n/2me){ki~kv-z) ~-(h/2me)kl . (5) 
directions parallel and perpendicular to the magnetic Correct to order v/c, we find 
field. Similarly, pf accounts for the fact that from any 
initial state many, and in this respect different, final E\—Ei~Ef—E^Ei—Ei. (6) 

states can be reached. ^ ^ In Eq. (5), the gyrofrequency 
With these considerations in mind, we can write 

rV TT TT V -i a>c=eH/tnec (7) 

I K/i I = z2\ 1 • (2) has been used, with H being the magnetic field strength. 
1,2 LE — hi hi—KiA Similarly, for the matrix elements involving the z axis 

Here, the letter V refers to the Coulomb operator in parallel to H, we find 

cylindrical coordinates, Ei-Ei= hckv+ (h2/2me)(*<-*,•z)2- (h2/2me)k%^ 
V= -Ze2/(r2+z2Y2, (3) **Ef-E*™Ei-Et. (8) 

so that for two states a and 0 with wave functions \f/a Between the wave vectors k t and kf of initial and final 
and ^8, state, finally, the relation, 

Vap= [i'aVfpdT, (4) (*V2w«)fe/+(»+w)*«c+**FC=(*V2w6)*^+»fe«)c (9) 

holds. For the total system (including the photon), 
with the integration extended over all space. Ef—E{ is of course zero. 

Hap is the interaction Hamiltonian.5 In the case of In conventional notation \ni,ki,si)ioT any state / / the 
matrix elements involving the diiections x and y matrix elements read 

^fi=Hh Hm{(n+my (2mek)ll2/h, s+m+di\ Va^\n+bi, fct—k„-£, s){n+5i, A»—kp-S, j |H a j 8 |w, kh s) 

-{n+m, (2meky2/hJ s+m+di\Eafi\n+m+di} (2mek)1^2/h+kv'ZJ s+m+di) 

X(n+fn—8i, (2mek)ll2/h+kv-z, s+m+di\ Vap\n, ki, s)}—hckv~dih^c+h2ki(kv'Z)/me. (10) 

In Eq. (10) the abbreviation 
41/2= (h2ki2/2me-mhccc-hkvc)^2 (11) 

was used. The interaction Hamiltonian Hap, where a and ft refer to initial and final state of the electron, and nv to the 
number of photons, reads 

Ba,n^m,nv=-e{2Th2c2/kvyi2l(nv+\)/cy2\ fa*rtedT, USytfidr, 
[ ih J ih J 

/Wf— exp(-ik,-g)l^r) . (12) 
J L me dz J J 

Here, 
Ea = nhuc, Ep=(n—l)hooc (13) 

are the electron's kinetic energies perpendicular to the magnetic field directions. 
For the wave functions we take the same expressions as in I and II.6 Hence, we find7 for any two states (n,k,s) 

and (n+n', kf, s+n') 
r Ze2 

Vn,kt8\n+n>tk>,S+n>= / tf'n+n', *',*+*'*[—Ze2/ {r2+Z2)ll2^\\f/n>k,sdT = Kn>~n(qSll2)I n>-n{qnXl2) , fl<S , 
J ihvz 

(14) 
Ze2 

= —Kn,-n(qnV2)In,„n(qsV2), n>s. 
ihvz 

The velocity v in Eq. (14) represents the average of the field, taken between the initial and final state. The 
electron velocity component parallel to the magnetic parameters 

5 Reference 3, Sec. 25, Eq. (2). q= (k~k')y~1/2, y=eH/2cfl. (15) 
6 Paper I, Eq. (4). 
7 Paper II, Eq. (39). / and K are, as usual, the modified Bessel functions. 
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The evaluation of the matrix elements from Eq. (10) 
is completely analogous to the procedure employed in 
paper II . We note in particular that [cf. Eqs. (10) and 
(11), paper I I ] 

(^n-l,fc f.*^n,ib,«) = i (» /T , ) 1 / 2 ( 1 6 a ^ 
and 

(^7i-i,k,s*yipn,k,s) = hi(n/y)112. (16b) 

Furthermore, 

Hu= -e(2irh2c2/kP)1!2(nv+iyi2 

X(h/2me)(2ki-kv-$) (17a) 
and 
Hf2= -e(2irhV/k,yi2(n9+iyi2 

X(h/2me)(2kf+ky-z). (17b) 

Finally, we rewrite Eq. (1) in a more convenient form. 
To this end, we first normalize to unit final-state density 
P /= 1. Second, we consider the total transition proba­
bility per unit time for a beam of electrons of density Ne 

and velocity components vL= (vx
2+vy

2)112 a n d vz. For 
this purpose we recall the meaning of the quantum 
number s which represents the relative location of the 

guiding center of the beam with respect to the scat-
terers, i.e., in classical language, the collision parameter. 
The total transition probability per unit time is then 
given by an average over the (random) location of 
scatterers, or now in quantum language, over the 
degenerate quantum numbers s, such that 

(18) 

(19) 

is the area in the plane perpendicular to the magnetic 
field corresponding to the quantum number s. Hence, 
for unit density Ne= 1; 

where 
wds=(2T/h)\Kfi\*NedAs 

dA s = lirsds 

2w r dAs 
W=(w) = — / |KA-|2 ds. 

ft J s=o ds 

3. THE RESULTS 

(20) 

The transition probability per interaction8 for the 
emission of a photon with energy ho) (on neglecting 
Doppler effects) is then obtained with the aid of the 
formulas of Paper II , in particular, Appendices B-D. 

8 eQ I f 3 co2 12Eb+2\5i\Ez-\8i\Eb +«> 
W(a)du = £ ~ • — L (Am)2(E/Ez)^

2 

3ho) czm2 vz { v=i (o)~o)c8i)2 2 E A™=-OO 

A 2 V \€j)&- \ V )m' ,m\ Am—m'—m—pT' 2L< 
t=i (co—oc8i)2 2 

-(E/Ezr
2iq2(I(qi),K(qi))nr>n;n,^o <fc>, (21) 

where the bracket symbol is defined by the relation 

( / , Z ) ^ ^ / r _ z
2 i r r _ z - i ^ r - z + i ~ i r ^ z

2 / ^ Z - i / ^ z + i . (22) 

The argument e is given by the expression 

e=p-Bi+(<*/<*e)(Eh/E,yi*. (23) 

Eb and E2 are the electron's kinetic energy components 
corresponding to the velocity components Vi and vz so 
that 

E=Eb+Ez, (24) 
qi is given by 

qi=(5i+a>/o>c)(Eb/Ez)
1'2, 8,= 0 , ± 1 . (25) 

The general result of Eq. (21) cannot be reduced to a 
much simpler form: Particular cases can easily be 
handled numerically by an electronic computer. I t is 
possible, however, to give somewhat more manageable 
expressions in certain limiting cases of interest. 

In the "low-frequency domain" co<<Ccoc (which begins 
actually a few half-widths away from the resonance), 

SeQ 1 Eb 

W(co)da> = -
3kojdme

2 vz E 

X 
oo /E\ZI2 

E ( — ) (Am)2(I,K)nf,nda>. (26) 
Am=l\Ez/ 

In the limit (E & /E 2 )^ 2 »l we have 

W(a>)du = -
3ho)c*me

2 vt 

whereas, for ( £ 6 / £ , ) 1 / 2 « l , 

8 
W(a)da> = -

Ebl I 
In 

E 2 I 

- T T J ^ W 2 -

2fio)c J 

E b r TTE, 
In r i 

L2feoJ ' 

(27) 

(28) 
3ho)czme

2 vz E 

In the high-frequency domain a£>>coc (but formally still 
°°Sup where (JOP is the plasma frequency), 

8^6 l min(Aw) 1 

PF(«)dw = Z — • (29) 
3h0)C3me

2 Vz max (Aw) Am 

Equation (19) agrees with the low-frequency limit of 
ordinary bremsstrahlung,9 provided that the summation 
over Am is cut off at values that correspond to the 
customary cutoff parameters XD (Debye length, due to 
the plasma correlation) and b0 (90°-defLection parame­
ter, due to the "straight line approximation")-10 

The present calculation then extends the results of 
Papers I and I I into the domain of low frequencies far 
from the resonance, and also into the domain of high 

8 Transition probabilities per unit time and per interaction differ 
by a factor of v. 

9 L. Oster, Phys. Fluids 7, 263 (1964). 
10 L. Oster, Rev. Mod. Phys. 33, 525 (1961). 
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frequencies (as compared with the cyclotron resonance) 
where they blend into the customary cross section for 
bremsstrahlung emission in the absence of a magnetic 
field. As one would expect, the presence of the magnetic 
field does not affect the emission at these higher fre­
quencies. I t is important to note, however, that the 
presence of the magnetic field changes the cross section 
at low frequencies, even at great distance from the 
cyclotron resonance. 

4. CROSS SECTION IN THE NEIGHBORHOOD 
OF THE RESONANCE 

It remains to be shown that the general solution (21) 
predicts the emission correctly "in the neighborhood" 

Equations (31a) and (31b) have to be compared with 
the corresponding expressions in paper I I , namely, Eqs. 
(II, 122) and (II, 123). We first note that the "collision 
frequency" va given in Paper I I corresponds to the parts 
of Eqs. (31a) and (31b) which are inside of the curly 
brackets except for a factor E3/2 and a combination of 
constants which are of no concern to our present 
discussion. 

If E&
1/2»E2

1/2, Eq. (II, 123) to dominant order 
becomes 

-va^i(Eb/Ez)W»l. (32) 

Inspection of Eq. (31a) shows that the results of the 
present calculation are identical. 

Extension of Eqs. (II, 123) and (31b) into the domain 
where Eh~Ez=^E leads to an expression 

-va^ln(E/huc)+0(l), (33) 

which is the same in both cases. 
The only discrepancy occurs when Eq. (II, 123) and 

Eq. (31b) are compared (Ez
ll2^>Eb112). From the prac-

of the resonance (corresponding to the wings of the 
cyclotron line). We do not expect Eq. (21) to be accu­
rate at the resonance proper, due to the fact that the 
formalism employed in this paper is basically one 
tailored for continuous emission problems. But since we 
had derived in Papers I and I I accurate cross sections for 
the resonance line itself, we can be satisfied if these 
cross sections blend into the expressions predicted by 
Eq. (21). To be precise, we expect Eq. (21) to yield for 
co —» coc the same results as our previous calculations for 
co>coc or co<coc. 

In order to verify this statement, we first note that for 
CO~COc 

tical point of view, this discrepancy is of no conse­
quence, since a beam whose energy initially is concen­
trated along the magnetic field will after a few Coulomb 
interactions have an energy distribution function which 
is essentially isotropic. For this brief transition period, 
our treatment is not valid due to the implicit assumption 
of a time-constant distribution function. This "adia-
batic hypothesis," incidentally, is common in calcula­
tions of radiative interactions. 

The compatibility of the present formulas and the 
formulas derived in Paper I I can be corroborated by 
considering the angular average, i.e., by integrating the 
spectrum over all velocities with an isotropic distribu­
tion. I t is legitimate in this context to treat the loga­
rithmic terms as slowly varying functions. Then, a 
straightforward calculation which we dispense with 
here, shows complete agreement between the various 
formulations. 

This completes the quantum mechanical calculation 
of the emission of electrons in a magnetic field while 
undergoing Coulomb interactions. 

E ( / , i T ) A w = H ^ / ^ ) 3 / 2 l n 
Am=l 

r x E / ' W 2 ! 

2huc 

, (Eb/Ezy»»i, 

4 (£, /£)«« In 
.2fkcc. 

, (Eb/Ezy'K<l. 

(30a) 

(30b) 

Inserting (30a) and (30b) into Eq. (21), we find after some straightforward manipulations 

TF («)&> = 
3hoocdme 

o2 co2 - l f l / Ez\ p r£ / / 2 £6 1 / 2 - | 1 /Ex 1 ' 2 

-a>c)
2 (co+coc)2JU\ El L 2ha>c J 4\Ej 

, (Eh/E,yi*»l (31a) 

and 

W(u)da> = 
1 / Ez\ ricE,-\ 1 / E \ 1 / 2 

2 J U \ El L2feoJ 4 \ 
" " ' l + — ) ln | — 1 + 1 — ) } , {Eh/Ezy>K<\. (31b) 


